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THE TOPOLOGICAL COMPLEXITY OF THE FREE PRODUCT
ALEXANDER DRANISHNIKOV, RUSTAM SADYKOV
Abstract. We prove the formula
TC (G ∗H) = max{TC(G),TC (H), cd(G×H)}
for the topological complexity of the free product of groups with cohomological
dimension ≥ 3.
1. Introduction
Let X be a topological space. The Lusternik-Schnirelmann category (LS-category)
catX of X is the least number n such that there is a covering {Ui} of X by n+1 open
sets Ui contractible in X to a point. The LS-category has a number of interesting
applications [5]. A motion planning algorithm over an open subset Ui ⊂ X × X is
a continuous map Ui → X
[0,1] that takes a pair (x, y) to a path s with end points
s(0) = x and s(1) = y. The topological complexity TC (X) of X is the least number
n such that there is a covering {Ui} of X×X by n+1 open sets over which there are
motion planning algorithms [11]. We note that in this paper we consider the reduced
LS-category and the reduced topological complexity.
Both catX and TC (X) are homotopy invariant. Thus one can define the LS-
category and the topological complexity of a discrete group G by setting catG =
catBG and TC (G) = TC (BG) where BG = K(G, 1) is a classifying spaces for G.
It is well-known that catG does not give a new invariant [10],[18],[19].
Theorem 1 (Eilenberg-Ganea). For all groups catG = cd(G).
Here cd(G) is the cohomological dimension of G. By the Eilenberg-Ganea theo-
rem cd(G) equals the geometric dimension gdim(G) = min{dimBG} of G provided
cd(G) 6= 2 [2]. The Eilenberg-Ganea conjecture states that the equality cd(G) =
gdim(G) holds for all groups. A potential counterexample to Eilenberg-Ganea con-
jecture should have cd(G) = 2 and gdim(G) = 3 [2].
The topological complexity of a group is secluded in the range cd(G) ≤ TC (G) ≤
2cd(G) and any value between can be taken [16]. Computation of topological com-
plexity of a group is a great challenge. Since TC (G) = ∞ for groups with torsion,
this invariant makes sense only for torsion free groups. It was computed only for few
classes of groups. Thus, the topological complexity of free abelian group equals the
rank. The topological complexity of nilpotent groups is estimated in [14]. Compu-
tation of topological complexity of surface groups orientable and non-orientable was
only recently completed [11],[8],[4]. Even more recent is the computation of TC of
hyperbolic groups [13].
In this paper we present a formula for topological complexity of free product of
groups.
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Theorem 2. If both groups G and H are not counterexamples to the Eilenberg-Ganea
conjecture, then
TC (G ∗H) = max{TC (G),TC (H), cd(G×H)}.
In view of the inequality TC (X) ≤ cat (X ×X) we obtain the following:
Corollary 3. If G is not a counterexample to the Eilenberg-Ganea conjecture, then
TC (G ∗G) = cd(G×G).
Corollary 4.
TC (Zm ∗ Zn) = m+ n.
Corollary 5 (Yu. Rudyak). For any n and k with n ≤ k ≤ 2n there is a group G
having cd(G) = n and TC (G) = k
Proof. Take G = Zm ∗ Zn for m = k − n. 
REMARK 1. If G (or H) is a counterexample to the Eilenberg-Ganea conjecture
having TC (G) = 4 (TC (H) = 4), then still Theorem 2 holds true.
REMARK 2. Theorem 2 holds for groups G and H with cd(G) ≥ cd(H) ≥ 2
and cd(G×H) ≥ cd(G) + 2. We beleive that the latter inequality holds true for all
geometrically finite groups H with cd(H) ≥ 2. We note that raising dimension by 2
of the Cartesian product with a nonfree group is the maximal possible in view of an
example in [7] of geometrically finite groups G and H with cd(G) = cd(H) = 3 and
cd(G×H) ≤ 5. The groups G and H in [7] are finite index subgroups of right-angled
Coxeter groups constructed by an appropriate choice of the nerves. Also we note
that in the class of infinitely generated groups there is a counterexample: cd(Q) = 2
while cd(Q×Q) = 3. We are thankful to David Recio-Mitter for the latter remark.
2. Topological complexity of wedge
It was proved in [6], Theorem 3.6, that
max{TCX,TC Y, cat (X × Y )} ≤ TC (X ∨ Y ).
We show that under certain conditions the lower estimate is exact.
Theorem 6. Let d = max{dimX, dimY } for connected CW-complexes X and Y .
Suppose that max{TCX,TCY, cat (X × Y } ≥ d+ 1. Then
TC (X ∨ Y ) = max{TCX,TC Y, cat (X × Y )}.
We note that in many cases this is an improvement of the upper bound from [6]
TC (X ∨ Y ) ≤ TCMX + TCMY
where TCM is the monoidal topological complexity (see [15]). We recall that TCX ≤
TCM ≤ TCX +1. In view of the fact that cat (X × Y ) ≤ catX + catY , Theorem 6
implies the inequality conjectured in [12], [6, Remark 3.7]
TC (X ∨ Y ) ≤ max{TCX,TC Y, catX + cat Y }
under the hypothesis of Theorem 6.
We extend Theorem 6 in two directions. First observation is that the condition of
Theorem 6 can be relaxed in case of r-connected complexes.
3Theorem 7. Let d = max{dimX, dimY } for r-connected CW-complexes X and Y .
Suppose that max{TCX,TCY, cat (X × Y } ≥ d+1
r+1
. Then
TC (X ∨ Y ) = max{TCX,TC Y, cat (X × Y )}.
We note that the condition TCX ≥ (dimX + 1)/(r + 1) for r-connected com-
plexes has been seen before in the TC theory. Thus, the first author showed [6] that
the topological complexity TCX coincides with the monoidal topological complexity
TCMX for r-connected X under the assumption that TCX ≥ (dimX + 1)/(r + 1).
Then we extend the upper bound of Theorem 6 from the wedge of two spaces to
the union.
Theorem 8. Let d = max{dim(X × C), dim(Y × C)} for connected CW-complexes
X and Y where C = X ∩ Y . Suppose that max{TCX,TCY, cat (X × Y } ≥ d + 1.
Then
TC (X ∪ Y ) ≤ max{TCX,TC Y, cat (X × Y )}.
3. Preliminaries
3.1. Fiberwise join. The join X0 ∗ X1 ∗ · · · ∗ Xn of topological spaces consists of
formal linear combinations t0x0 + · · · + tnxn of points xi ∈ Xi with non-negative
coefficients ti that satisfy the condition
∑
ti = 1. The fiberwise join of the total
spaces X0, ..., Xn of fibrations fi :Xi → Y is defined to be the topological space
X0 ∗Y X1 ∗Y · · · ∗Y Xn = { t0x0 + · · ·+ tnxn ∈ X0 ∗ · · · ∗Xn | f0(x0) = · · · = fn(xn) }.
It is fibered over Y by means of the map, called the fiberwise join of fibrations, defined
by taking a point t0x0 + · · · + tnxn to fi(xi) for any i. As the name ‘fiberwise join’
suggests, the fiber of the fiberwise join of fibrations is given by the join of fibers of
fibrations.
In all our applications, the spaces Xi coincide with a space X and all fibrations fi
coincide with a fibration f over a space Y . In this case the fiberwise join and the
fiberwise join of fibrations are denoted by ∗n+1Y X and ∗
n+1
Y f respectively.
Let G0X be the space of paths s : [0, 1]→ X issued from the base point of X . It is
fibered over X by means of the map s 7→ s(1). By definition, the n-th Ganea space
of X is the fiberwise join GnX = ∗
n+1G0X . By the Schwarz theorem [17], cat (X) ≤ n
if and only if the n-th Ganea fibration pnX : G
n
X → X admits a section.
Similarly, let PX denote the space of paths s : [0, 1]→ X . It is fibered over X ×X
by means of the map s 7→ (s(0), s(1)). Let ∆nX denote the fiberwise join ∗
n+1PX .
Then, by the Schwarz theorem, TCX ≤ n if and only if ∆nX admits a section.
3.2. The Berstein-Schwarz class. Let π be a discrete group and A be a π-module.
By H∗(π,A) we denote the cohomology of the group π with coefficients in A and by
H∗(X ;A) we denote the cohomology of a space X with the twisted coefficients defined
by A. Here we assume π1(X) = π.
The Berstein-Schwarz class of a group π is a certain cohomology class βπ ∈
H1(π, I(π)) where I(π) is the augmentation ideal of the group ring Zπ [1],[9],[17]. It
is defined as the first obstruction to a section over Bπ = K(π, 1) for the universal
covering p : Eπ → Bπ. Equivalently βπ can be defined as follows. Let
0→ I(π)→ Zπ
ǫ
→ Z→ 0
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be a short exact sequence of coefficients where ǫ is the augmentation homomorphism.
Then βπ = δ(1) equals the image of the generator 1 ∈ H
0(π;Z) = Z under the
connecting homomorphism δ : H0(π;Z) → H1(π; I(π)) in the coefficient long exact
sequence.
Theorem 9 (Universality). [9, Proposition 2.2],[17] For any π-module L and any
cohomology class α ∈ Hk(π, L) there is a homomorphism of π-modules I(π)k → L
such that the induced homomorphism for cohomology takes (βπ)
k ∈ Hk(π; I(π)k) to
α where I(π)k = I(π)⊗ · · · ⊗ I(π) and (βπ)
k = βπ ⌣ · · ·⌣ βπ.
Corollary 10 ([17]). The class (βπ)
n is the primary obstruction to a section of
pn−1Bπ : G
n
Bπ → Bπ.
Corollary 11. For any group π its cohomological dimension can be expressed as
follows:
cd(π) = max{n | (βπ)
n 6= 0}.
3.3. Pasting sections. We recall that a map p : E → B satisfies the Homotopy
Lifting Property for a pair (X,A) if for any homotopy H : X × I → B with a lift
H ′ : A × I → E of the restriction H|A×I and a lift H0 of H|X×0 which agrees with
H ′, there is a lift H¯ : X × I → E of H which agrees with H0 and H
′. We recall
that a pair of spaces (X,A) is called an NDR pair if A is a deformation retract of
a neighborhood in X . In particular, every CW complex pair is an NDR pair. It is
well-known [20], Corollary 5.5.3 that any Hurewicz fibration p : E → B satisfies the
Homotopy Lifting Property for NDR pairs (X,A).
Lemma 12. Let p : E → B be a Hurewicz fibration over a CW complex B with
(n−1)-connected fiber F where B = X ∪Y is presented as the union of subcomplexes
with n-dimensional intersection C = X ∩ Y , dimC = n, such that Hn(C;F) = 0 for
any local coefficients. Suppose that there are sections of p over X and Y . Then p
admits a section s : B → E.
Proof. Let sX : X → E and sY : Y → E be the sections. First we show that there
is a fiberwise homotopy between the restrictions sX and sY to C. We note that
construction of such homotopy is a relative lifting problem
C × ∂I
sX∪sY−−−−→ E
y p|
y
C × I
π
−−−→ C
for the projection map π. Since the fiber is (n − 1)-connected, a lift of π exists on
the n-skeleton (C × I)(n) = (C(n−1) × I) ∪ (C × ∂I). The obstruction to extend it to
the (n+ 1)-skeleton lives in the cohomology group Hn+1(C × I, C × ∂I;F) for local
coefficients defined by πn(F ). The exact sequence of pair together with the acyclicity
of C in dimensions n and n+1 imply that Hn+1(C × I, C × ∂I;F) = 0. This proves
the existence of a fiberwise homotopy H : C × I → E between the sections sX and
sY restricted to C. In view of the Homotopy Lifting Property for NDR pairs the
fiberwise homotopy H : C × I → E of the restriction sX |C can be extended to a
fiberwise homotopy H¯ : X × I → E of sX . Then the section s
′
X : X → E defined
as s′X(x) = H(x, 1) agrees with sY on C. Hence the union s
′
X ∪ sY defines a section
s : X ∪ Y → E. 
54. Proof of Theorem 2
Proof of Theorem 1. Corollary 11 and the cup-length lower bound for the LS-
category imply that catG ≥ cd(G). The dimension upper bound for the LS-category
completes the proof for the groups with cd(G) = gdim(G). Now suppose that cd(G) =
2 and dimBG = 3. Note that the Ganea-Schwarz fibration G2BG → BG has simply
connected fiber. Thus, there is a section s′ : BG(2) → G2BG. The primary (and the
only) obstruction to define a section s : BG → G2BG lives in the group H
3(BG;F)
which is trivial in view of the equality cd(G) = 2. 
Proposition 13. For all groups cd(G×H) ≥ cd(G) + 1.
Proof. We may assume that the groups have finite cohomological dimension. In par-
ticular, H is torsion free. Hence it contains a copy of integers. Since the cohomological
dimension of a subgroup does not exceed the cohomological dimension of a group [2],
it follows that
cd(G×H) ≥ cd(G× Z) ≥ cd(G) + 1.

Proof of Theorem 2. Since bothG andH are not counterexamples to the Eilenberg-
Ganea conjecture, there are classifying spaces BG and BH with dimBG = cd(G)
and dimBH = cd(H).
In view of Theorem 1 and Proposition 13 we obtain
cat (BG×BH) = cat (G×H) = cd(G×H) ≥ max{cd(G), cd(H)}+ 1.
Thus, by the Eilenberg-Ganea theorem
cat (BG×BH) ≥ max{dim(BG), dim(BH)}+ 1.
By Theorem 6 we obtain
TC (G ∗H) = TC (BG ∨BH) = max{TCG,TCH, cat (BG×BH)} =
max{TCG,TCH, cat (B(G×H))} = max{TCG,TCH, cd(G×H)}.

Problem 14. Suppose that G is a counterexample to the Eilenberg-ganea conjecture,
i.e. cd(G) = 2 and gdim(G) = 3. Does it follow that TC (G) = 4?
5. Proof of Theorems 6, 7, 8
Let Y be a subspace of X . Then the inclusion i : Y → X gives rise to the map
of fibrations i∆ : ∆
k
Y → ∆
k
X . In particular, if ∆
k
Y admits a section over Y × Y , then
∆kX also admits a section over Y × Y ⊂ X × X . Suppose, furthermore, that there
is a retraction r :X → Y . It gives rise to the map of fibrations r∆ : ∆
k
X → ∆
k
Y . In
particular, the existence of a section of ∆kX implies the existence of a section of the
fibration ∆kY .
Similarly, given two topological spaces X and Y , for each k ≥ 0, there is a fibration
GkX×Y , called the k-th Ganea fibration, over X × Y such that cat (X × Y ) ≤ k if and
only if GkX×Y admits a section. A point in G
k
X×Y over (x, y) ∈ X×Y is a formal sum∑
ti(gi, hi) where gi and hi are paths from respectively x and y to the distinguished
point in X and Y respectively.
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Theorem 6 is a partial case of Theorem 7. So we prove the latter.
The lower bound for TC (X ∨ Y ). In this subsection we give an alternative proof of
the fact that the topological complexity TC (X∨Y ) of the pointed sum of topological
spaces X and Y is bounded below by TCX , TC Y and cat (X×Y ) (Theorem 3.6 [6]).
We note that this lower bound works without any conditions.
Since both X and Y are retracts of X ∨ Y , the existence of a section of ∆kX∨Y
implies the existence of sections of ∆kX and ∆
k
Y . In other words, the topological
complexity of X ∨ Y is bounded below by TCX and TCY .
To show that TC (X × Y ) is also bounded by cat (X × Y ), consider the map of
fibrations
p : ∆kX∨Y |X × Y −→ G
k
X×Y
of the restriction of ∆kX∨Y to X × Y ⊂ (X ∨ Y )× (X ∨ Y ) where k = TC (X ∨ Y ).
The map p is given by
∑
tifi 7→
∑
ti(p1 ◦ fi, p2 ◦ f¯i),
where pi is the projection of X∨Y to the i-th factor, and f¯i is the path fi traversed in
the opposite direction. Suppose that the fibration ∆kX∨Y admits a section s∨. Then
the fibration GkX×Y also admits a section sG defined as sG(x, y) = p ◦ s∨(x, y). Thus,
cat (X × Y ) ≤ k.
The upper bound for TC (X ∨ Y ). In this subsection we show that TC (X ∨ Y ) is
bounded above by the maximum of TCX , TCY and cat (X × Y ). Let k be the
maximum of TCX , TCY and cat (X × Y ). In particular, the fibrations ∆kX , ∆
k
Y
and GkX×Y admit sections. We need to show that TC (X ∨ Y ) ≤ k, i.e., the fibration
∆kX∨Y admits a section.
We assume that X and Y are r-connected CW-complexes of dimension ≤ d with
TCX or TC Y at least (d+1)/(r+1) with r ≥ 0. Without loss of generality we may
assume that TCX ≥ (d+1)/(r+1). We have shown that k = TC (X ∨Y ) ≥ TCX .
Thus, k ≥ (d+ 1)/(r + 1).
Note that if Z is an (r − 1)-connected space, then ∗k+1Z is (k + (k + 1)r − 1)-
connected. Indeed, the join ∗k+1Z of spaces is homotopy equivalent to the reduced
join of spaces, which, in its turn, is homeomorphic to the reduced suspension Σk(Z ∧
· · · ∧ Z), where the number of pointed factors is k + 1. We may assume that besides
the distinguished point Σk(Z ∧ · · ·∧Z) has no cells in dimensions below k+(k+1)r.
Therefore it is (k+(k+1)r−1)-connected. In particular, if X and Y are r-connected,
then Ω(X ∨Y ) is (r− 1)-connected, and ∗k+1Ω(X ∨Y ) is k+(k+1)r− 1-connected,
k + (k + 1)r − 1 = kr + k + r − 1 = k(r + 1) + r − 1 ≥ (d+ 1) + r − 1 ≥ d.
Thus, the fiber of ∆kX∨Y is at least d-connected. We show that if ∆
k
X∨Y admits
sections over X × X , X × Y , Y × X , and Y × X , then it admits a section over
(X ∨ Y )2. Let A = (X ×X) ∪ (Y × Y ) and B = (X × Y ) ∪ (Y ×X). Sections over
X × X , X × Y , Y × X , and Y × X can be taken such that they agree at (x0, x0)
where x0 is the wedge point. Thus, there are sections over A and B. Note that the
intersection A∩B = X ∨X ∨Y ∨Y is d-dimensional. Since the fiber of the fibration
is d-connected, Lemma 12 implies that that there is a section over A∪B = (X ∨Y )2.
In view of the retractions X ∨ Y → X and X ∨ Y → Y and the fact that ∆kX and
∆kY have sections, the fibration ∆
k
X∨Y admits sections over X ×X and Y × Y . Let
7us show that it also admits a section over X × Y ; the case of Y × X is similar. To
this end, consider a map of fibrations
q :GkX×Y −→ ∆
k
X∨Y |X × Y
that takes a point
∑
ti(gi, hi) in the fiber over (x, y) to the point
∑
ti(gi · h¯i) where
· stands for taking the concatenation of two paths. Since GkX×Y admits a section s,
the map q of fibrations gives rise to the section q ◦ s of ∆kX∨Y over X × Y . This
completes the proof of the upper bound for TC (X ∨ Y ).
Theorem 6 can be generalized to the following
Theorem 15. Let d = max{dimX, dimY } for connected CW-complexes X and Y .
Suppose that k = max{TCX,TC Y, cat (X×Y )} ≥ d and Hk(X ;F) = 0 = Hk(Y ;G)
for all local coefficients. Then
TC (X ∨ Y ) = max{TCX,TC Y, cat (X × Y )}.
Proof. If k ≥ d+ 1, the result follows from Theorem 6. We may assume that k = d.
We need to check the inequality TC (X ∨ Y ) ≤ k. We use the above proof for r = 0
to show that ∆kX∨Y has (d − 1)-connected fiber. Then ∆
k
X∨Y admits a section over
(X ∨ Y )2 = A ∪ B by Lemma 12, since the intersection A ∩ B is d-dimensional and
cohomologically acyclic in dimension d. 
5.1. Proof of Theorem 8. Let k = max{TCX,TC Y, cat (X × Y )}. We show that
the fibration ∆kX∪Y admits a section. Since TCX,TCY ≤ k, it admits a section
over X × X and Y × Y . Choosing a common base point c0 for X and Y allows
us to embed the base point path space P0(X × Y ) to the path space P (X ∪ Y ) by
taking a path (f, g) in X×Y issued from the base point (c0, c0) to the path f¯ g. This
defines an embedding of the Ganea-Schwarz fibration GkX×Y in the fibration ∆
k
X∪Y .
The inequality cat (X × Y ) ≤ k implies that GkX×Y has a section. Therefore, ∆
k
X∪Y
has a section over X × Y . Similarly, it has a section over Y ×X .
The rest of the argument is similar to those of Theorem 3 and 4. We consider the
sets A = X ×X ∪ Y × Y and B = X × Y ∪ Y ×X and argue that both sets admit
sections of ∆kX∪Y . For example, in the case of A the two sections overX×X and Y ×Y
can only disagree over C ×C which has dimension ≤ d where C = X ∩ Y . Since the
fibration ∆kX∪Y has d-connected fiber those two sections can be joined over C ×C by
a fiberwise homotopy. This implies the existence of a section over A. The argument
in the case of B is similar. Next we note that A∩B = X×C∪Y ×C∪C×X∪C×Y
is d-dimensional. The same argument implies that there is a continuous section over
A ∪B = (X ∪ Y )× (X ∪ Y ). 
6. Amalgamated product
Theorem 16. If all groups A, B, and C are not counterexamples to the Eilenberg-
Ganea conjecture, then
TC (A ∗C B) ≤ max{TCA,TCB, cd(A× B), cd(A ∗ (C × Z) ∗B) + cd(C) + 1}.
Proof. Let classifying spaces BA, BB, and BC for groups A, B, and C be such that
cd(A) = dimBA, cd(B) = dimBB, and cd(C) = dimBC. Here we used that the
groups are not potential counterexamples to the Eilenberg-Ganea conjecture. For the
group G = A ∗C B we consider its classifying space BG of the form of the double
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mapping cylinder for the maps f : BC → BA and g : BC → BB induced by
the amalgamation homomorphisms C → A and C → B. Thus, BG = X ∪ Y with
X∩Y = BC, X is homotopy equivalent to BA with dimX = max{cd(A), cd(C)+1},
and Y is homotopy equivalent to BB with dimY = max{cd(B), cd(C) + 1}. Let
d = max{dim(X ×BC), dim(Y × BC)} = max{dimX, dim Y }+ cd(C) =
max{cd(A), cd(C) + 1, cd(B)}+ cd(C) = cd(A ∗ (C × Z) ∗B) + cd(C).
If
max{TCA,TCB, cat (A× B)} ≥ d+ 1,
then the result follows from Theorem 8. Suppose that
max{TCA,TCB, cat (A× B)} ≤ d.
We show that ∆d+1BG admits a section. Since TCA = TCX ≤ d + 1 and TCB =
TCY ≤ d+ 1, there are sections over X ×X and Y × Y . Since cat (X × Y ) ≤ d+ 1
there are section over X × Y and Y × X . Since (X × X) ∩ (Y × Y ) = BC × BC
with dim(BC × BC) = 2cd(C) ≤ d and the fiber of ∆d+1BG is d-connected, sections
over X ×X and Y × Y can be adjusted over BC ×BC to have a continuous section
over U = (X × X) ∪ (Y × Y ). Similarly, we can arrange a continuous section over
V = (X × Y ) ∪ (Y ×X). Note that
U ∩ V = (X × BC) ∪ (Y × BC) ∪ (BC ×X) ∪ (BC × Y ).
Thus dim(U ∩ V ) = d. Therefore, we can arrange a continuous section over U ∪ V =
BG×BG. 
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